We bootstrap loop corrections to AdS 5 supergravity amplitudes by enforcing the consistency of the known classical results with the operator product expansion of N = 4 super YangMills theory. In particular this yields much new information on the spectrum of doubletrace operators which can then be used, in combination with superconformal symmetry and crossing symmetry, to obtain a prediction for the one-loop amplitude for four graviton multiplets in AdS. This in turn yields further new results on subleading O(1/N 4 ) corrections to certain double-trace anomalous dimensions.
Introduction and summary
The best understood example of the AdS/CFT correspondence [1] [2] [3] equates IIB string theory on AdS 5 ×S 5 to N =4, SU(N) super Yang-Mills theory. Gauge invariant operators in N = 4 SYM are related to string states in IIB, correlation functions of gauge invariant operators are related to AdS amplitudes and the free dimensionless parameters on both sides are related as g The simplest states to consider on the string theory side are those belonging to the AdS 5 graviton supermultiplet and its Kaluza-Klein partners. These states correspond to operators in half-BPS multiplets in the gauge theory. We denote the superconformal primaries of the half-BPS multiplets by O p , the gauge invariant product of p copies of one of the scalars together operators in the same representation of the internal symmetry group SU (4) . The case p = 2 corresponds to the graviton multiplet itself.
The two-point and three-point amplitudes of half-BPS states are independent of the coupling [4] , and thus the same at weak coupling and strong coupling, one of the early tests of AdS/CFT [5] . Thus the first non-trivial supergravity amplitudes of the half-BPS states appear at four points. The simplest ones are those involving states from the graviton supermultiplet itself and they are related to the four-point correlators of operators in the stress-tensor supermultiplet. We denote the correlator of the superconformal primaries by 2222 = O 2 O 2 O 2 O 2 . This four-point function has immense interest, not least as one can extract from it information about non-protected operators, and it has been the object of a huge amount of research throughout the intervening time, both perturbatively [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] and in the supergravity approximation [17] [18] [19] [20] [21] .
At large N, keeping the 'tHooft coupling λ = g 2 Y M N fixed, the four-point correlator 2222 has an expansion of the form
= 2222
(0) + a 2222 (1) [λ] + a 2 2222 (2) [λ] + . . .
where a = 1/(N 2 −1). This corresponds to a loop expansion on the string theory side so that 2222 (0) is dual to the free (disconnected) string amplitude and is independent of l S . The next term, 2222 (1) [λ], is dual to the tree-level amplitude, and 2222 (2) [λ] is dual to the one-loop string amplitude, both of which depend on l S or equivalently λ. In a perturbative expansion for small λ the tree-level amplitude 2222 (1) [λ] is now known to ten loops in terms of conformal integrals [16] and to three loops in terms of explicit polylogarithms [14] . Here however we are interested in the expansion at large λ corresponding to small l S /L. The leading term in this large λ limit then corresponds to a tree-level supergravity amplitude. This computation was performed on the supergravity side in AdS/CFT [18, 20] . More recently the first few l S /L corrections to this result were computed explicitly in Mellin space [22] . They first correction is of order λ −3/2 , corresponding to order l 6 s or order α ′3 .
Until now however there has been no study of string loop corrections 2222 (2) (although see [23] where a study of loop corrections in more general AdS context was initiated). In this paper we take this step. We give a precise prediction for the leading term in 1/λ to 2222 (2) [λ] dual to the first loop correction to the four-graviton superamplitude. We will denote the leading terms in the large λ expansion simply by 2222
(n) from now on.
We perform our analysis by analysing the OPE decomposition of the tree-level supergravity result 2222 (1) together with the recently found supergravity results for arbitrary charge correlators of the form ppqq (1) [24] (see also previous work by [21, [25] [26] [27] [28] [29] ). With the information on the spectrum and three-point functions thus obtained we are able to employ an analytic bootstrap of the type recently employed in weak coupling studies of both correlators and scattering amplitudes in N = 4 SYM [14, [30] [31] [32] [33] .
Consider the expansion of the four-point function in superconformal blocks and its relation to the OPE [34] . In the limit x 2 12 → 0, 2222 (2) has a leading divergence log 2 x 2 12 whose coefficient function depends only on data of lower order in the 1/N expansion. Specifically, it is completely determined by the following data
are zeroth order three-point functions of two stress-tensor multiplets and a double trace SU(4) singlet operator of twist 2t, spin l, and η (1) tli is (half) the operator's O(1/N 2 ) anomalous dimension. There are precisely t − 1 double trace operators, K tli , for each t, l, with i = 1, 2, .., t−1 labelling the different operators. They are linear combinations of superconformal primary operators of the schematic form O p ∂ l t−p O p for p = 2, 3, ..t. We have assumed here that all unprotected single trace operators have disappeared from the spectrum in this limit (they correspond to string states with very large masses) and in addition that triple trace operators are suppressed by a further order of 1/N 2 .
So the log 2 x 2 12 coefficient is determined in terms of this lower order data, but unfortunately this data can not be extracted directly from the lower order charge two correlators alone due to mixing: there are t − 1 operators with the same quantum numbers. However it turns out that we can extract this data from the correlators ppqq at leading and subleading order in 1/N 2 for arbitrary p, q. The t(t − 1)/2 correlators with p, q = 2..t contain data involving K tli , specifically
where we have suppressed the dependence on twist and spin. This gives t(t − 1) equations, precisely equal to the number of unknowns: the (t − 1) 2 3-point functions C i pp , and the t − 1 anomalous dimensions. We can thus solve these equations to obtain the 3-point functions and anomalous dimensions. The full analytic formulae for the O(1/N 2 ) anomalous dimensions, for all t, l, i we obtain via this procedure is given by the compact formula 12 singularity which our technique can never capture. One such correction is of the form αD 4444 for an unfixed α. Other possible correction terms can be written asD functions with higher values of the parameters (see [35] ). Our general prediction for 2222 (2) is given in (6.50) and the following equations.
Finally, having obtained the full correlator we can now in turn extract new data from it.
In particular, we can extract the gravity loop corrected anomalous dimensions of twist 4 operators (for higher twist operators we expect mixing with triple trace operators to spoil this). For l ≥ 2, we find
The paper proceeds as follows. In section 2 we introduce the correlators in more detail, both the free theory and the general structure arising from superconformal symmetry. In section 3 we introduce the OPE and super conformal partial waves. In section 4 we discuss the supergravity limit and the operators we expect to remain in the spectrum: we display our results for the 3-point functions and anomalous dimensions extracted from the supergravity data. Section 5 contains details o the resummation of this data to obtain the log 2 x 2 12 coefficient. In section 6 we complete this to the full correlator, then in section 7 we extract the anomalous dimensions at O(1/N 4 ) from this and in the conclusions we discuss our results. The details of the superconformal block expansion we give in a short appendix.
Four-point functions of half-BPS multiplets
We would like to investigate the structure of four-point functions of half-BPS multiplets in N = 4 super Yang-Mills theory. The superconformal primary operators we consider are single-trace operators constructed from scalars fields,
where y R denote a set of auxiliary variables transforming in the vector representation of SO(6) and obeying y R y R = 0. All other operators in the supermultiplet can be obtained from (2.2) by applying supersymmetry transformations.
Since the operators O p are protected by supersymmetry, their two-point functions and threepoint functions are fully described by their free field expressions. In other words their scaling dimensions and OPE coefficients are unrenormalised and therefore independent of the YangMills coupling. The four-point functions of such protected operators are generically coupling dependent however, since unprotected operators can be exchanged in the operator product expansion.
Many results are available in the literature on four-point correlation functions of the operators O p . In perturbation theory explicit results in terms of polylogarithmic functions are available at one and two loops [21, 25, [36] [37] [38] [39] [40] , and (in the planar limit) at three loops [40] [41] [42] for all possible choices of external charges p i . In terms of conformal integrals, results are available for higher loop orders for the simplest 2222 case [16, 43, 44] .
The correlators have also been investigated in the supergravity limit, where they have a dual interpretation as the scattering amplitudes of AdS supergravity fields [18] [19] [20] . In particular the supermultiplet with primary O 2 contains the energy-momentum tensor and is therefore dual to the graviton multiplet in AdS. The higher charge operators correspond to Kaluza-Klein copies coming from the reduction down from ten dimensions on S 5 . Recently, a beautifully simple formula was proposed which consistently gives the Mellin space representation for the correlation functions with arbitrary charges [24] in the regime of classical supergravity. Here we will discuss how to exploit the operator product expansion to bootstrap the supergravity loop corrections.
The fact that the operators O p are half-BPS means that the four-point functions of any operators in the supermultiplets are uniquely determined in terms of the four-point functions of the superconformal primaries,
3)
The correlation function (2.3) is a homogeneous polynomial of degree p i in the y i variables. Our primary focus here is the case of four energy-momentum multiplets 2222 . In order to discuss the supergravity loop corrections to this correlator we will also need some results from more general correlators of the form ppqq .
In free field theory the correlation functions can be written as polynomials in the superpropagators
where y 2 ij = y i · y j . It is also useful to introduce conformal and su(4) invariant cross-ratios and in particular we will interchange freely between x,x and u, v often including both variables in the same formula. Notice the useful relations betwen these cross ratios and the superpropagators
The dependence of the four-point functions on the gauge coupling is heavily constrained by superconformal symmetry. To express the constraints imposed by superconformal symmetry it is useful to separate the correlator into a free-field piece and an interacting piece. In the case of the 2222 correlator we have
where the interacting piece is governed by a single function of the two conformal cross-ratios,
Here we have 9) which describes the full y-dependence of the interacting term. It is the presence of the factor s(x,x; y,ȳ) in the interacting piece which follows from superconformal symmetry and this feature is sometimes referred to as 'partial non-renormalisation' [45] . Crossing symmetry implies
For later convenience we choose to normalise our correlation function so that the free-field correlator has the form 1 2222 free = 2222
free + a 2222
( 1) 
The different N dependence of the two pieces comes from the fact that the first term in (2.11) corresponds to the disconnected part of the correlator while the second term is the connected part.
The operator product expansion
We will consider the operator product expansion obtained in the limit x 2 12 → 0, x 2 34 → 0. This expansion of the four-point correlators has been extensively discussed in many papers [26, 34, 46, 47] . In cross-ratio variables it corresponds to the limit u → 0 with v fixed. The expansion of the correlator is then dictated by exchanged operators of a given twist (i.e. dimension minus spin), with the dominant terms given by the operators of lowest twist. The OPE is convergent and therefore if we keep all terms in the expansion (as we do in the following discussion) it is valid for all values of u and v inside the radius of convergence. In the following we often use the label t to mean half the twist,
(3.14)
1 In other words we have divided by a factor of A = 4(N 2 − 1) 2 compared to more usual conventions as in e.g. [48] . This amounts to dividing the operator O (2) by a factor of 2(N 2 − 1).
We will employ the superconformal blocks of [48] which allow us to explicitly decompose the correlators into contributions from protected superconformal multiplets and unprotected ones. The correlation function 2222 then has the following OPE expansion
In the above decomposition the terms in the first line correspond respectively to the contributions of the identity operator, the half-BPS energy-momentum multiplet and a twist four half-BPS contribution. The terms in the second line with l ≥ 2 comprise the contributions of the semi-short multiplets with primaries of twist four and spin l in the su (4) represen-
2,0 gives the contribution of quarter-BPS multiplet whose primary has spin zero, twist four and su(4) labels [2, 0, 2] . Finally the third line comprises the contributions of all long superconformal multiplets with twist 2t and spin l. In all terms the sum over l is only over even spins, due to the symmetry of the correlator under the exchange of the first two operators.
The dependence on the Yang-Mills coupling enters only through the contributions of the long multiplets. The dimensions (and therefore the twists) of such multiplets are coupling dependent and hence generically not integer valued. Likewise the OPE coefficients C t,l are also explicitly dependent on the coupling.
We give the explicit forms of the superconformal blocks and OPE coefficients for the protected multiplets in Appendix A. Our focus here is the contribution of the long multiplets. These are given by
where
and
The presence of the explicit factor of (x − y)(x −ȳ)(x − y)(x −ȳ) in the blocks for long multiplets agrees with the expectation that all quantum corrections appear with such a prefactor in (2.8) in accordance with partial non-renormalisation.
In free field theory (where t is an integer) the coefficients C t,l take the following form for t ≥ 2, 19) while for twist two (t = 1) we have
Recall that l is to be taken even in these formulae.
The supergravity limit and double-trace spectrum
Here our primary focus is on the supergravity limit of N = 4 super Yang-Mills theory. This is a limit where we fix g YM and take large N and perform an expansion in 1/N 2 . In such a limit the 't Hooft coupling λ = g 2 YM N becomes large and operators dual to excited string states decouple as they become infinitely massive.
The protected single-trace half-BPS operators however are present in the spectrum. The energy-momentum multiplet corresponds to the graviton multiplet and the higher-charge half-BPS operators correspond to higher Kaluza-Klein modes from the reduction on S 5 .
Similarly operators built from products of single-trace half-BPS operators are also predicted to remain in the spectrum. Such operators can themselves be protected or they can be unprotected. The unprotected operators of this type are still present in the spectrum because in the strictly infinite N limit they keep their classical scaling dimensions due to operator factorisation, and hence the corresponding states do not acquire infinite mass.
In the supergravity spectrum such operators are 'nearly' protected and receive anomalous dimensions at order 1/N 2 and higher.
However, all other operators, not built from products of singe-trace half-BPS operators, correspond to the afore-mentioned string states. Such operators are therefore absent from the spectrum in the supergravity limit. All of the twist-two long operators in the expansion (3.15) are of this type.
The simplest long operators which remain in the supergravity spectrum are double-trace operators and we will examine their spectrum by analysing the four-point functions of the single-trace half-BPS operators. The double-trace operators K t,l p,q = O p n ∂ l O q are special for two reasons. Firstly we expect the three-point functions
p,q to be non-zero already at the leading order in the 1/N 2 expansion, whereas we expect the three-point functions involving triple-trace operators and higher to be suppressed. Secondly, there is a unique operator of the form K t,l p,q of spin l for fixed p, q, t and fixed su(4) labels. The triple-trace and higher multi-trace operators do not obey this property; their number grows with the spin.
For the correlation function of particular interest here, 2222 it is convenient to change the expansion parameter from 1/N 2 to
so that we have
This has the benefit that the free theory correlator then contributes to just the first two terms. The interacting part of the correlator and hence the function F (u, v) appearing there have an expansions of the form
so that they contribute to all terms except the leading one. In other words we have
(1) = 2222 (1) free + 2222
while for n ≥ 2 we have
Here 2222 (0) corresponds to the contribution of disconnected supergravity diagrams. The connected tree-level Witten diagrams contribute to 2222 (1) , while 2222 (2) corresponds to one-loop supergravity corrections. From tree-level supergravity we have [19, 20] 
where Φ (1) (u, v) is the one-loop scalar box integral and we also give the expression in terms of theD-functions introduced in [34] .
Our task now is to compare the known result with the general form of the operator product expansion given in eq. (3.15). We are interested in the contribution of the long multiplets. At the leading order in the a expansion the only contributions are long operators of twist four and higher, corresponding to the the term proportional to A in the free-field expression (3.19) . This encompasses the contributions of all the long double-trace operators to the disconnected part of the correlator. For the 2222 correlation function, there is only one su(4) channel; all the superconformal primaries are in the singlet. We must remember that at leading order all these operators will have their classical scaling dimensions (and hence twists). This means that many operators can be degenerate and the twist is not a good label for the spectrum. Thus we introduce a new label i to run over different operators which share the same quantum numbers at leading order in a. In fact we may count the number of such operators simply: at twist 2t there are (t − 1) such degenerate operators for each spin l,
We denote such double-trace operators by K t,l,i for i = 1, . . . , t − 1. Thus we have a relation for the three-point functions at leading order
where the C
t,l are given by the coefficients in (3.19) with a set to zero.
The relation (4.28) holds under the assumptions outlined earlier that only the operators listed in (4.27) contribute at leading order in the a expansion.
When we proceed to the next order in a there are many issues to take into account. Firstly, all the twist-two long multiplets which are present in free field theory must be absent in the supergravity spectrum. It is therefore necessary that the contribution of such multiplets to 2222 (1) int cancels the contribution from the connected part of the free theory correlation function 2222 (1) free which corresponds to the coefficients given in eq. (3.20) . This is indeed the case [34] . The only twist-two contribution in supergravity is therefore the protected energy-momentum multiplet, which is the dual of the graviton multiplet.
Next, at the first subleading order we must take into account the fact that the long doubletrace operators develop anomalous dimensions. The true twist of the operator K t,l,i is therefore no longer 2t (which we still take to be integer) but rather it is 2(t + aη
Here we use the notation that η t,l,i = ∞ n=1 a n η (n) t,l,i is half the anomalous dimension of the operator K t,l,i . Examining the expression for the blocks given in (3.16) and performing the perturbative expansion in a we find that the functions F (n) (u, v) will be expressible as a series of logarithms with coefficients which are analytic functions of u,
At order a we find a contribution to the OPE proportional to log u,
The contribution of such terms in the OPE must match the part of the explicit result for F (1) with a logarithmic branch cut around u = 0 (i.e. the discontinuity around u = 0). Decomposing F (1) (u, v) into a series of logarithms with analytic coefficients as in (4.31) we find
Identifying the expressions (4.32) and (4.33) one finds [34] 
l,i and leading order three-point functions O 2 O 2 K t,l,i . This phenomenon is known as operator mixing. The exception is the case of twist four (t = 2) where there is only a single double-trace operator K 2,l for each spin l and hence no mixing. In this case one finds simply that [34] 
To proceed further we make use of the fact that all correlators of the form p 1 p 2 p 3 p 4 are known due to the work of Rastelli and Zhou [24] . The formula found in [24] is consistent with many previously known cases found by other methods [20, 26, 28, 29] . We develop a very similar OPE analysis for all correlators, both for the large N free field expressions and for the log u terms found from the results of [24] . In particular analysing the singlet channel of the correlators of the form ppqq provides us with enough information to deduce all the three-point functions O p O p K t,l,i . Indeed one may go further and deduce similar information for the non-singlet channels as well. We will provide much more information on this analysis in a forthcoming paper [49] . Here we simply quote the results of relevance to the study of the 2222 correlation function. We find for the anomalous dimensions,
where (x) n = (x + n − 1)!/(x − 1)! denotes the Pochhammer symbol. For the three-point functions we find
The fact that the results for the both the anomalous dimensions and the three-point functions are so simple and in a closed form is already something of a miracle. Note, for example, that the spin dependence always factorises completely into linear factors in l in both quantities. As far as we are aware these are the first results on double-trace anomalous dimensions and three-point functions for arbitrary twist and spin. We will now use these results to make predictions for the one-loop supergravity corrections to the correlation function, i.e. the function F (2) (u, v).
Resummation of the one-loop double discontinuity
With the results for the three-point functions and anomalous dimensions to hand we can now make a prediction for the leading log 2 u term in F (2) (u, v), in other words, the coefficient F (2) 2 (u, v) in the expansion (4.31). From expanding the blocks to order a 2 we find a contribution to the OPE with a double logarithm of u and the square of the anomalous dimensions. Thus at order a 2 we predict a double discontinuity contribution to F (2) (u, v) of the form
We perform the sum by obtaining many orders in x andx variables. Comparing the series to a plausible ansatz in terms of polylogarithmic functions we find the following form for the double discontinuity,
where p, q, r, s are rational functions of u and v. We may then check the obtained result to very high orders in both variables, finding perfect agreement.
The coefficient function p is symmetric p(u, v) = p(v, u) as required by crossing since the double discontinuity in both u and v comes only from the first term in (5.41) which contributes p(u, v) log 2 u log 2 v and hence must be symmetric in u and v. As we will see, the fact that the coefficient of the Li 2 term is related simply to the same function p is a hint at an additional simplicity in the final amplitude.
It is possible to write the coefficient p(u, v) in quite a simple form,
The other coefficients are more complicated and we will not give their explicit expressions. Instead we will proceed to construct a fully crossing symmetric function F (2) (u, v) with the correct double discontinuity. The remaining coefficients in (5.41) can then be obtained from F (2) (u, v) by taking the double discontinuity.
Completion to a crossing symmetric amplitude
Having obtained the double discontinuity from resumming the OPE, we make an ansatz for the form of the full crossing invariant contribution to supergravity at one loop. In order to construct a suitable ansatz we note that the tree-level supergravity function F (1) (u, v) is expressible in terms of aD-function which is a particular combination of derivatives acting on the one-loop box function Φ
(1) (u, v). This means that it is expressible as a combination of single-valued polylogarithms of weights 2,1 and 0 with rational functions of x andx as coefficients. The particular class of single-valued polylogarithms of interest here are linear combinations of polylogarithms constructed on the singularities (or 'letters') {x, 1 − x,x, 1 −x} such that they are single-valued whenx is taken to be the complex conjugate of x. They are constructed in general in [50] and appear in many contexts to discuss the perturbative contributions to the correlation functions p 1 p 2 p 3 p 4 [40, 42] as well as in multi-Regge kinematics of scattering amplitudes [51, 52] and Feynman integral calculations [53, 54] .
Since our result for the double discontinuity F (2) 2 (u, v) given in eq. (5.41) is expressible in terms of logarithms and dilogarithms it seems a natural choice is to construct an ansatz for the full function F (2) (u, v) from the same class of single-valued polylogarithms, but this time of weights 4,3,2,1, and 0 with rational functions for coefficients. We then impose crossing symmetry and the fact that the double discontinuity must match our result for F (2) 2 (u, v). The constraints described in the previous paragraph fix completely the weight 4 and weight 3 parts of the result with rational coefficients which are determined by the coefficients appearing in F (2) 2 (u, v). The weight 2, 1 and 0 parts are not fixed completely by matching to the double discontinuity. Since the double discontinuity F (2) 2 (u, v) has 15 powers of (x −x) in the denominator so do the rational coefficients in the weight 4 and weight 3 parts. This leaves the possibility that the resulting function has unphysical poles at x =x.
In order to make sure that poles at x =x are in fact absent, we have to arrange the weight 2,1 and 0 parts so that they cancel those of the weight 4 and weight 3 pieces. We then allow a maximum of 15 powers of (x −x) in the denominators of the coefficients of the weight 2,1 and 0 parts of the ansatz to match the denominators in the weight 4 and weight 3 parts and demand that all poles at x =x cancel. We also demand that the twist-two sector is completely absent 2 from F (2) (u, v). These constraints completely fix the answer within our ansatz up to a single free coefficient.
We find we can express the final crossing symmetric result in terms of ladder integrals [55, 56] . These are a particular subset of the single-valued polylogarithms under considerations here. They are given by
We recall that the correlation function in the supergravity limit then takes the form (2.7) 2222 = 2222 free + g (1) free and 2222 (1) int is complete. Therefore there should be no twist-two contributions in F (2) .
with
The tree-level supergravity contribution is given by
Our final result for the one-loop correction contains a single unfixed parameter within the ansatz outlined above. We first quote a particular solution where we set the free parameter α to zero. Then we will give the ambiguity. In the next section we will argue that α = 0 is in fact needed to maintain analyticity in the spin for the twist-four anomalous dimensions at order a 2 .
Our particular solution is given by the crossing symmetric combination
To simplify the presentation of the function f (u, v) we write
Furthermore we can decompose the function g into pieces according to the transcendental weight of the polylogarithmic contributions
The pieces of given weight are then as follows,
The function Ψ(u, v) is a particular derivative of the two-loop ladder integral,
The coefficients P (r) ± (u, v) in (6.53) are symmetric polynomials in u and v. The subscripts ± correspond to the symmetry properties under x ↔x of the pure transcendental factor that each coefficient P (r) multiplies (antisymmetric for the ladder functions and symmetric for constants, for logarithms of u and v and for Ψ(u, v)) . Note that the weight four piece is entirely expressible in terms of Φ (2) (u, v), whose transcendental part is antisymmetric in x andx. In principle there could have been a symmetric part, e.g. Φ
(1) (u, v) 2 , but in fact our function does not have such a contribution. The fact that the weight four piece is given by Φ (2) (u, v) only implies the relationship between the coefficients of the Li 2 terms and the Li 2 1 terms in the double discontinuity (5.41). To express the coefficient polynomials it is helpful to introduce symmetric variables
The coefficient polynomials are then given by
56)
58)
60)
61)
The terms involving P (4)
± , P
+ contribute to the double discontinuity and therefore the coefficients are related to those appearing in (5.41). In particular we have
The ambiguity in the result is much simpler. In fact all terms proportional to the single free parameter α can be expressed in a similar way to the tree-level amplitude,
At this stage our solution is given by the particular solution F (2) (u, v), as described in equations (6.50)-(6.62), plus the amibiguity in eq. (6.64) above. Note that the ambiguity in (6.64) has no double discontinuity, has no unphysical poles, is fully crossing symmetric and has no twist-two contribution. When written out in terms of single-valued polylogarithms with rational coefficients, the ambiguity in (6.64) has 13 powers of (x −x) in the denominator. In terms ofD-functions it can be expressed asD 4444 . In the next section we argue that α = 0.
We should sound a note of caution that what we have presented is not strictly a derivation of the one-loop correction. It is possible that the true answer differs from the expression we have constructed above by a function that itself has no double discontinuity, no unphysical poles, no twist-two sector and is fully crossing symmetric on its own.
In principle there are further ambiguities we could add within the class of single-valued polylogarithms multiplied by rational functions. These all have higher powers of (x −x) in the denominator than the 15 we allowed above. They correspond to crossing symmetricDfunctions with higher weights. Indeed such functions have arisen in the context of possible stringy corrections [35] . Finally, it is also possible that there are functions which do not sit in the class of singlevalued polylogarithms that we have allowed. However it is highly non-trivial that we are able to find a solution, unique up a single free parameter within the simplest class of functions we are led to consider and we take this as very strong encouragement that our amplitude is in fact correct.
While the result presented above in equations (6.50)-(6.62) and (6.64) is certainly one way to represent the result of our crossing symmetric one-loop amplitude, we do not claim that it is necessarily the most natural. It seems highly likely that it will be simpler in its Mellin space representation, as the tree-level result is for general charges [24] .
7 Twist 4 anomalous dimensions at order a 2 Having obtained the correlation function at NNLO we can try to extract anomalous dimensions of the double trace operators from it. These should correspond to loop corrections to the masses of the corresponding multi-particle supergravity states via AdS/CFT. The order a 2 anomalous dimensions appear within the partial wave decomposition of the single discontinuity of the correlation function we have constructed in the previous section. For general external half-BPS operators and exchanged operators of general twist, we expect triple-trace operators to also contribute to the single discontinuity at order a 2 , although they are absent from the double discontinuity used to construct the correlator. However at twist four there are no such triple-trace operators and furthermore there is a single double-trace operator for each spin so we can extract the anomalous dimensions of such double-trace operators as we will now show.
Recall that the correlator takes the form 2222 = 2222 
and where
Since this discussion is focussed only on twist four, we define for convenience
Expanding the normalisation and anomalous dimension in N as:
we get the following expansion of the SCPWs (7.70) 2222 | twist 4 sector =s(x,x; y,ȳ) where we split the order a contribution to the normalisation into a piece arising from connected free theory and a piece from supergravity
free,l + A
int,l .
78)
The conformal partial wave analysis of the free theory is well known and was first computed in [34] and reproduced more recently in these conventions in [48] . It yields
free,l = 4((l + 3)!)
Next we consider the supergravity contribution to the correlator, which one splits into the log xx contribution and a log 0 xx contribution. We equate
The first equation yields [34] 
Plugging these values into (7.81), and including the SCPW for the twist operators one first obtains a twist two sector precisely cancelling that from the free theory, thus reproducing the well-known result that the twist 2 sector drops out. Secondly we obtain values for the correction to the normalisation due to supergravity which we haven't found a closed formula for. The first 20 even spin terms are:
Finally, we turn to the next order a 2 using our proposed correlator at this order. We split into the log 2 (xx) piece, and the log(xx) piece. Equating to the SCPW we have
int,l η
The first equation indeed yields the correct result
as it had to (recall that we derived our result for the string corrected correlator using precisely this consistency condition along with similar for higher twists). Plugging this into the second equation (7.84) and reading off the coefficients of the CPW we obtain from the coefficients of the partial waves, the combination
Just as for A
int,l itself we have been unable to obtain a closed formula for this combination, however inputting the known coefficients and rearranging, we obtain values for η (2) l directly, and these are consistent with a simple closed formula (at least for l > 0)! We find Here α is the remaining undetermined constant in our derivation of 2222 (2) . We see that surprisingly only the spin zero anomalous dimension depends on the undetermined constant. If we impose the condition α = 0 we find that the general formula for η (2) holds also for spin zero, however we do not have an independent argument to fix the value of α.
Conclusions
We have bootstrapped the one-loop amplitude for 4 graviton multiplets in AdS 5 using consistency with the OPE on the dual CFT side. We believe this to be the first such complete one-loop result. As an ingredient to this computation we computed an entire family of O(1/N 2 ) anomalous dimensions of double-trace operators of arbitrary spin and twist, and as an output we computed the O(1/N 4 ) anomalous dimensions of all twist 4 double trace operators which survive the strong coupling limit.
A number of papers in recent years have discussed general aspects of large N CFTs and their relation to gravitational theories via AdS/CFT from various perspectives. The results here give new concrete data to compare with some of these predictions, and to conclude we will examine a few of these, relating specifically to the twist 4 anomalous dimensions at O(1/N 4 ).
One aspect is the behaviour of anomalous dimensions in the large spin limit. For example in [57] [58] [59] a non-trivial consistency condition for anomalous dimensions of large spin operators has been shown, following from the reciprocity principle. Following [59] in this context, for twist 4 operators, it can be phrased as follows. Define the Casimir
where, to the order we are interested in, we need to include the leading order anomalous dimension in the definition of J 2 , but no further corrections. Then the claim is that the anomalous dimension has an expansion at large l (equals large J) containing only even powers of 1/J. This was checked to the previous order in [59] (where the coupling dependent terms in J could be neglected). Remarkably we find this continues to hold at the next order. Indeed, plugging in the values for the twist 4 anomalous dimensions above, we find that
The key point here is that the anomalous dimension is a rational function of J 2 only without involving the square roots one would expect for an arbitrary function of l expressed in terms of J. Note that at leading order, this statement is equivalent to symmetry of the twist 4 anomalous dimensions under l → −l − 7 (since J 2 is symmetric under this transformation at leading order). At next order, note that η (2) as a function of l, in (7.86) is written as a sum of two terms. The first is symmetric under l → −l − 7 and the second antisymmetric. We then see that the antisymmetric term is entirely predicted by η (1) together with the above consequence of reciprocity. That our computation indeed agrees with this provides a non-trivial check.
We also observe from (7.86) that the O(a 2 ) twist 4 anomalous dimension η
2,l = O(1/l 4 )
at large spin, whereas at the previous order η
(1) l = O(1/l 2 ). Thus in the large l limit, the leading term receives no O(a 2 ) corrections. This is consistent with the results of [60] [61] [62] that the coefficient of the leading large l term is related to the T T T 3-point function which is protected, and its free field value is exactly O(a) with no a 2 terms.
Another interesting prediction concerning the twist 4 anomalous dimensions as a function of l is that the function is predicted to be negative, monotonic and convex for spins 2 and higher [61] [62] [63] . We find that the twist 4 anomalous dimensions indeed continue to satisfy this property even after including the O(a 2 ) corrections. Indeed remarkably these hold for all physical values of a = 1/(N 2 −1) that is for all N ≥ 2 whereas it need only be true for large N. Specifically, for all N ≥ 2 aη (1) 2,l + a 2 η
2,l < 0 for l ≥ 2 (negativity) ∂ ∂l aη
2,l + a 2 η As a final comment, in [64, 65] , numerical bounds on the anomalous dimensions of the twist 4 operators have been found from crossing symmetry in any N = 4 superconformal field theory, as a function of the central charge. For large N our results seem to be consistent with these bounds.
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Note Added
As this paper was being prepared for submission the reference [66] appeared. We thank the authors of [66] for discussions on the results on the anomalous dimensions given there at order a and order a 2 , obtained using a different method. The approach taken there is in perfect agreement with the results on anomalous dimensions quoted here.
A Protected superconformal blocks
Following [48] we give explicit expressions for the protected superconformal blocks (i.e. half-BPS and semi-short multiplets, see the discussion following equation (3.15) ). For convenience, let H α (z) := 2 F 1 (α, α, 2α, z).
(A.90)
The half-BPS states are then given by for l even and zero otherwise.
